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Abstract:

An analytical study to predict the behavior of FGM Nano-plates supported by Pasternak elastic foundations based on a theory of
hyperbolic shear strain. Nonlocal elasticity theory is used to introduce the effect of small scale. The influence of the parameters of the
geometry, the foundation stiffness, and the material property are presented. Hence it is unnecessary to use shear correction factors. The
governing equations are derived from the principle of virtual work. The free vibration solutions are finally presented for the nonlocal
higher order plate models. The numerical results obtained in the present study for several examples are presented and compared to other
models available in the literature.
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1. Introduction the results of nondimensional frequencies are in excellent
agreement with literature.
Functionally graded materials are a new type of com-

posite structures that are of great interest in the design, 2. Mathematical formulation

use, and manufacture of engineering. Functionally

graded structures allowed the material properties to be By using the non-local elasticity theory, it is assumed
graded continuously through the thickness and to avoid that the stress tensor at a point depends on the strain ten-
abrupt changes in stress and displacement distributions. sor at all the points of the continuous medium; the non-
Functional materials (FGM) are classified as new com- local constitutive relationships of a Hookean nano-
posite materials Wide|y used in the aerospace, nuclear, material can be represented by the foIIowing differential
civil, automotive, optical, biomechanical, electronic, constitutive relationships [23]:

chemical, mechanical and shipbuilding industries. FGM

has attracted the attention of several researchers in recent 1- HZ)UL-I}'L = O'iﬁ- @
years such as [1-22], and these may have a number of

advantages such as high resistance to temperature gradi- with 1 = ep.a is the nonlocal parameter represents the
ents, a significant reduction in residual and thermal small-scale effect.

stresses and resistance high wear. In this work using a The nonlocal constitutive equations of an FGM non-
high order shear deformation theory to predict the vibra- local plate can be written as [23]:

tional behavior of simply supported nanoplates (SS) and
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where: a is an internal characteristic length; eo a
constant; (0y, Gy, Txy, Tyz Tyx) AN (€x, €y, Vays Vyzo Vyx)
are the stress and strain components, respectively. The
elastic constants Qjj in terms of Young’s modulus E and
Poison’s ratio vare:

E
Q11(2) = Qz2(2) = %;
E
Q12(2) = Q21(2) = :_—(12/)2
E
Q44(2) = Qs55(2) = Qee(2) = %

plate
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Figure 1. The geometry of the FGM plate resting on elastic foundations [23].

Young’s modulus (E) and material density (p)
equations of the FG plate can be expressed by the Power-
law distribution as:

E@) = (Ec ~ En) (2+2) En
) 3)
p(2) = (oc = pm) (2 +3) P

where:
E. and Enare the corresponding properties of the
ceramic and metal, respectively.
pcand pn are the Material density of the ceramic and
metal, respectively.

The displacement field of the present model can be
given as:

ow

Ux,y,2)=U,x.y) -z X )

OX axs
ow ow
’ ] = 0 y - b_f : (4)
v(x,y,z) V(Xy)25 (Z)5

|kW(X!y’z)=Wb(X!y)+Ws(X’y)

f (2) is defined by [24]:

hsinh(109)

f@= 10-cos(5) 100

©®)

where Uo, Vo, Wy, Ws are four unknown displacements of
the mid-plane of the plate, f (z) denotes shape function
representing the variation of the transverse shear strains
and stresses within the thickness.

The strain field is calculated by:

g, =&l + 1K) + f(2)k}

g, =&, + 7k + f(2)k;

Yy = gfy + Zkfy + f(Z)kXSy (6)
Ve = 9Dy,

Ve =975
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By using the principle of virtual displacements. The
principle of virtual work is presented in the form:
h}{/zzf [ox8ex + 0,8, + Ty 0¥y + Ty20¥yz + Txz 0V ] d2dz — h,{/zzf [pUSU + V5V + WEW] ddz 8)
Using the integral by part and after simplification, the
equilibrium  equations associated with the present
formulation for the nonlocal plate:
ONx | ONay _ oy g OWp g QW
5u' ax dy - Ilu 12 ox 4 ax
(ONay [ ONy _ o iy s
Vi, +  — LV —1, 3y 4%
] )
aZmp a2mb, ~o2mb v 92wy, 02wy 0%ws = 92w
5Wb'6 x2+20x6y a y? Il(wb+w5)+12( +£)_[3(6x2+6y2)+15(6x2+6y2)
_9?M5 0?Mzy | 0°My | 8S3, | 0Sys _ v\ 2wy 82wy 2wg | 82wy
g Clr) x2+2 axdy 9 y? & ox dy [1(WD+WS)+[4( i)y) Is(axz *t3 )+16(6x2 + 6y2)
where: U, (U cos(Ax) sin( By).e'®t
h/2 v, V sin( Ax) cos( By). et
N, N, N,) = Oy, Oy, Toy )AZ 0 ] ] o 10
(N, Ny, Noy) J;h/z( %y Txy) Wp W, sin( Ax) sin( By). et (10)
w.

h/2
(M2, M), M2,) —f (Ox) Oy, Tyy)zdz
~h/2

)2
(M, M3, MS,) = f

—h/2

ny2

(55,,55,) = f

—h/2

3. Analytical solutions for vibration problems non-

local plates

The solution that checks the equation of equilibrium

is in form

(Txzr Tyz)gdz

\W; sin( Ax) sin( By).e™t )

1%

4. Numerical results and discussion

(0x, 0y, Txy) fdz

The material properties used in the present study are

as follows [25]:

Em= 70 GPa, pm= 2 707 kg/m? for aluminum

Ve = vin = 0.3 kg/m3 for aluminum
where:

ratio, and plate density.

Ec= 380 GPa, o= 3 800 kg/m? for alumina

E, vand p are respectively Young’s modulus, Poisson’s

The parameters of the foundation are given in the

dimensionless form as:
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with D¢ the Flexural Rigidity and & the non-dimensional
frequency

The Winkler stiffness constant ky, is defined by the
stiffness of the linear springs. Distinct from the Winkler
model, there is an additional shear layer in the Pasternak
model, which is characterized by the Pasternak stiffness
constants kp. The influence of the rigidity of the founda-
tion is presented in tabular form and graphically by
taking the two parameters of the foundation different
from zero (kw# 0 and k # 0).

Table 1:

Comparison of free vibration @ of a simply supported homogeneous
square nanoplate (a/h =1,P =0, u=0,5,k, = 10) resting on
Pasternak’s elastic foundations.

m n a/h k, Sobhy [26] Present
100 2.6551 2.6553
100
500 3.3400 3.3401
1 1
200 2.7842 2.7988
10
1000 3.9806 3.9901
100 5.5718 55731
100
500 5.9287 5.9300
2 1
200 5.3051 5.4050
10
1000 6.0085 6.0947
100 8.5405 8.5441
100
500 8.7775 8.7810
2 2
200 7.7311 8.6039
10
1000 8.2237 9.0683

(m, n) represents the vibration modes
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Figure2.The effect of P on the non-dimensional fundamental
frequency of (SSSS) square nanoplate resting on elastic foundations.
a/h =100,k,, =100,k, = 10
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Figure3.The effect of thickness ratio a/h on the non-dimensional
fundamental frequency of (SSSS) square nanoplate resting on elastic
foundations. u = 0.5, k,, = 100,k, = 10

The numerical comparison of this model and other
formulation is presented in table 1. The numerical com-
parison of the present model and other formulation
obtained by Sobhy [23] is presented in table 1.

The results of the dimensionless frequencies obtained
by the present formulation for homogeneous isotropic
plates (P = 0) resting on elastic foundations of Pasternak
are identical to that of Sobhy [23].

Figure 2 shows the variation of the fundamental
frequencies with the exponent of the power law for an
FGM square nanoplate. It can be observed that the non-
dimensional frequency decreases when P increases.

Figure 3 shows the variation of the fundamental fre-
quencies as a function of thickness ratio a/h for an FGM
square nanoplate. We can observe that the
non-dimensional frequency increases when the ratio a/h
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increases in the interval zero to the twenty and almost
constant from a/h = 20.

3. Conclusions

In this study, a nonlocal elasticity model for the free
vibration of FGM nanoplates on elastic foundations was
developed using a high order shear deformation theory.

The

results obtained show that the frequency values

decrease for each increase of (P) and the frequencies of
the plates increase considerably if passing from a thick
plate to a thin plate.
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